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IX. A Theory of Internal Ballistics Based on a Pressure-Index Law of'
Burning for Propellants.

By C. A. CLemMow, Research Department, Woolwich.

(Commumnicated by Sir GEoraE HaDpoOCK, F.R.S.)

(Received November 8, 1927—Revised February 17, 1928—Read February 9, 1928.)

Introduction.

It has been felt for some time past that an extension of the present internal ballistic
theory is necessary to take into consideration the case of propellants which do not burn
according to the simple law generally adopted for M.D. Cordite.

This law, which makes the rate of reduction of the smallest linear dimension of a piece
of propellant proportional to the first power of the gas pressure, renders the mathematical
treatment of the ballistic problem, both as regards the closed vessel and the gun,
comparatively easy. The law of burning must, however, from the nature of the case,
be a more complicated phenomenon than is thus pre-supposed, and in the present paper
the problem has been investigated assuming a rate of burning proportional to some
power, less than unity, of the gas pressure. It is not pretended that such an assumption
leads to finality, but in view of the many attempts made, chiefly by continental writers,
to consider internal ballistics on this basis, and also since experiment seems to suggest
such a law for many propellants, it was thought worth while to present a connected
account of an investigation into this subject.

This paper was completed some four years ago, but publication has been delayed for
unavoidable reasons. ‘ ' )

As internal ballistics is mostly unfamiliar to English readers, the main principles upon
which the theory has been built up are briefly outlined in the following sections.

1. The Problem of Internal Ballistics.

The problem, stated briefly, consists of the calculation of the maximum pressure and
the muzzle velocity realised by the burning in a gun of a charge of propellant of known,
size and shape, the internal dimensions of the gun and the weight of the projectile being
supposed given.

The determination of these quantities requires the complete analytical solution which
gives the full history of events in the gun. Thus the pressure and shot velocity can
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346 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

theoretically be determined as functions of the forward travel of the shot or of the fraction
of the charge weight burnt, or of any other variable as may be desired, and further
information of ballistic importance can be obtained—such as the distance travelled
by the shot up to the instant when the propellant charge is completely burnt (s.e., entirely
converted into gas), the position of the shot at maximum pressure, etc., etc. The
knowledge afforded by such a complete solution is of fundamental importance in the
theory of gun design, as it leads to methods which enable the characteristics of a gun
to be determined in consonance with the specific performance desired.

2. References.

The bibliography of the subject is fairly extensive, and, although mainly in French
and German, a certain amount of literature exists in English.

The following, while by no means complete, is a list of the more important books and
memoirs, which will be referred to subsequently by their attached numbers :—

(1) Sir ANDREwW NosLE, ‘‘ Artillery and Explosives.” This volume containg
NoBLE’s collected researches. _

(2) CHARBONNIER, “ Balistique Intérieure ” (1908). A leading French text-book
which gives an excellent account of the subject. There is a good bibliography
at the end of the book.

(3) Gossor ET Liouvinig, “Traité des Effets des Explosifs ” (1920). A three-
volume work treating the subject with a different view-point from CHARBONNIER.

(4) Cranz, “ Lehrbuch der Innere Ballistik.” This is Volume IT of a complete work
on ballistics. Very full references are given.

(56) IncaLLs, “ Interior Ballistics.” An American text-book.

(6) LoNGrRIDGE, ‘ Internal Ballistics.” An old English book which contains some
interesting accounts of SARRAU’S work.

(7) ““ Mémorial des Poudres et Salpétres.” A French scientific journal devoted to
Explosives and ballistic subjects. Contains numerous papers by VIEILLE.

(8) “ Mémorial de I’Artillerie de la Marine.” Similar to the above. Since the war
has appeared as “ Mémorial de 1’Artillerie Frangaise.”

(9) Mansenr, “ Law of Burning of Modified Cordite,” ‘Phil. Trans. Roy. Soc.,’
A (1908).

(10) Hapcock, “ Internal Ballistics,” © Roy. Soc. Proc.,” A, vol. 94 (1918).

(11) ProupMmaN, “ The Principles of Internal Ballistics,”” © Roy. Soe. Proc.,” A, vol. 100
(1921).

(12) HenpERsON and Hassg, “ A Contribution to the Thermodynamical Theory of
Explosions,” ¢ Roy. Soc. Proc.,” A, vol. 100 (1921).

(13) PeravEL and LEEs, “ On the Variation of the Pressure Developed during the
Explosion of Cordite in Closed Vessels,” ‘ Roy. Soc. Proc.,” A, vol. 79 (1906-07).
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 347

(14) Peraver, “ The Pressure of Explosions—Experiments on Solid and Gaseous
Explosives,” ¢ Phil. Trans. Roy. Soc.,” A, vol. 205 (1905).

(15) Love and Pippuck, “ Lagrange’s Ballistic Problem,”  Phil. Trans. Roy. Soc.,’
A, vol. 222 (1921).

8. The Laws of Burning of Colloidal Propellants.

All modern propellants are colloidal in nature, and are manufactured in definite shapes
and sizes.

Thus cordite, as used in the British service, consists of long sticks in the form of right
circular cylinders of small diameter.

Other shapes employed are : tubular cordite, viz., long hollow circular cylinders ; flake,
which consists of small square discs; strip, consisting of sheets of thickness, small
compared with length and breadth, ete., ete.

On ignition, such propellants are converted into gas by regular burning, as distinct
from the practically instantaneous conversion known as detonation, and this burning,
either in a closed vessel or in a gun, is assumed to conform to the following two laws :—

(1) The burning takes place by parallel layers, s.e., the rate of burning down the normal
to the surface of each piece of propellant is the same, at any instant, at all points
of the surface.

This is generally known as P1oBERT’S Law, and is in conformity with experience.
(2) The rate of burning varies as some power of the pressure of the surrounding
gases.

Analytically, if e is the thickness burnt down the normal at time ¢, then the rate of
burning de/dt is given by de/dt = k . p*, p being the pressure and %, «, positive constants.
These constants will necessarily vary with the nature (chemical and physical) of the
propellant, and much difference of opinion exists as to their value, particularly in the
case of the index «.

Thus ProBERT assumed « = 0, SARRAU took « = %, whilst for modern French smokeless
propellants, CHARBONNIER (2) takes « = 1. (GossoT and LiouviLLE (3), however, state
that closed vessel experiments show conclusively that « = % for the propellants at present
employed in the French service. |

Most English writers (10, 12, 13) take « = 1, although MANSELL (9) derived experi-
mentally the formula de/dé = @ - bp, where a, b are positive constants, ¢ being small
compared with b. This formula is also used by Proupman (11). This law appears to
be physically inadmissible, as it implies the burning of propellant under no pressure.
Direct evidence on this point is available, as NoBLE ((1), pp. 523, 524) gives an account
of an attempt of ABEL’S to burn cordite in a vacuum.

The attempt failed, but NoBLE made no deduction from the negative result.

It must be realised that, in any case, law (2) is really empirical, as the rate of burning

3A2
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348 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

must depend on the state of the surrounding gases, so that the law should be of the
form de/dt = f (p, T), say, T being the absolute temperature.*

Little at present is known of temperature-time variations, either in the gun or in the
closed vessel, and, in any case, the mathematical difficulties are sufficiently serious,
even assuming a rate of burning dependent on pressure alone.

The assumption « = 1 leads to comparatively simple analysis, but this linear law is
probably insufficient to represent the phenomenon over a wide range of pressures,
especially for propellants composed mainly of nitrocellulose, for which a value about
« = % appears to be indicated experimentally.

The determination of the burning characteristics %, o of a propellant is made, in effect,
by comparing theoretical and practical pressure-time rises obtained by burning
propellants in a closed vesselt (¢f. MANSELL (9), PETAVEL (14), for experimental details).

As has been mentioned above, such work has led to the assumption of a variety of values
for «, even for the same propellant, and it seems advisable to work out the analytical
consequences of the law de/dt = kp*, keeping % and «, for the present, as unknown
constants. ‘

- 4. The Law of NOBLE and ABEL.

When a mass of propellant is burnt in a closed vessel, the maximum pressure (p) is

given by the formula ’

p=fAJQL —nA), . . . ... (1)
where f is a constant known as the “ force ” of the propellant, v is the “ co-volume,”
taken by NoBLE and ABEL as equal to 1/8, where & is the density of the propellant, and A
is the density of the gas produced: A is called, ballistically, the “ density of loading.”
The formula (1), which is known as the pressure-density relation, was obtained by
NosLE and ABEL as the result of numerous closed vessel experiments: it bears an
obvious resemblance to VAN DER WAAL’S equation of state. |

The pressure at any instant whilst the propellant is still burning can be obtained
from (1) by substituting for A the density of the gas produced up to that instant.

Thus, in C.G.S. units, if w, V be the charge weight and capacity of the vessel
respectively, we have A = w/V, and, from (1), the maximum pressure produced when the
charge is all converted into gas is p = f& /(V — nw).

At the instant when a fraction z of the charge has been burnt the instantaneous value
of A, A, say, is given by A, = wz/(V — @ (1 — 2)/3), making allowance for the space
occupied by the unburnt propellant. Thus, the pressure realised at that instant, p, say,
is, putting » for 1/3, ,
p.=foz/V—unw)=2p. . . . . . .. .. . ©

* The question of rates of burning is fully discussed, both theoretically and practically, by Proupman (11).

1 The theory of burning in the closed vessel is complicated by the cooling due to the walls of the vessel,
the influence of the size of the propellant, the make-up of the charge, and the disposition in the vessel.

The measurement of the gas pressure is also an operation of much difficulty.
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 349

5. Z’ke Pressure in the Gum.

In the case of a gun the volume in which the propellant is burning increases owing to
the motion of the projectile, and the gases expand and do work. The formula (2) is,
therefore, not applicable to this case. CHARBONNIER ( (2), Chap. IV, p. 142) replaces (2)
by the equation

ple—nw)+3y—pt=for . ... .. ... (3)*

where ¢ is the total capacity behind the shot at the instant when the fraction z of the
charge weight is consumed, u is the “ effective ”’ shot weight (to be explained later), v
the shot velocity and y an empirical constant. The formula (3) expresses CHARBONNIER’S
“ Loi de détente,” where p (¢ — nw)/(y — 1) represents the intrinsic energy in the gas,
$u? the effective kinetic energy of the shot, and fwz/(y—1) the total energy derived by
the combustion of the weight of charge wz.

Provided that the charge burnt is supposed all converted into gas before the projectile
has begun to move, and assuming adiabatic expansion, (8) can be immediately derived
with 7, the expansion index, in place of y. In the actual case the propellant is gradually
converted into gas, and the above assumptions are not warranted, so that (3) must be
regarded as partially empirical, the constant y being adjusted so that calculated ballistic
quantities agree with their experimentally determined values. CHARBONNIER takes
the value y = 1-25. HeNDERSON and Hassi (12) deal with the question on thermo-
dynamical grounds. They show that, at high pressures and temperatures, the following
equation may be considered to hold

p(V—amw)=Rwzl, . . . . . . ... .. e (4)

V being the volume of the space behind the shot, T the absolute temperature, and R the
gas constant.

As the shot moves, T falls, and the energy of the shot is derived from the loss of the
heat content (%) of the gases; it is shown (Reference (12)) that /4 can be represented
empirically with fair accuracy as a quadratic function of T. Up to the point of maximum
pressure it is shown that the drop of temperature is not much greater than about 240°,
which is less than 8 per cent. of the initial temperature.

Taking a mean constant value of T in (4) should, therefore, give a value for p less than
+ 4 per cent. in error.

The derived formula

= For)(V—1w), e (5)

where f” is a constant, is the same as the closed vessel formula (2) with a different constant.
It is a practice among certain ballisticians to use a formula of this typet with a constant
* This is known as the equation of Rfsar, and was published by him in 1864.

1 For example, ¢f. MaTA, a Spanish writer on Ballistics. A French Translation of a paper by him is to
be found in (8), Tome XXX, 1900, :
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350 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

adjusted to fit firing results, the idea being to link up ““ closed vessel ** with ““ expanded
pressure.

The “ expanded ” pressure is obtained from the closed vessel pressure corresponding
to the value of A at any instant by dividing by a constant, greater than unity, this being
done to allow for the mean expansion since, of the various portions of gas given off during
the burning, some will have expanded completely, and some not at all.

The reasoning, of course, is in no way rigorous, but the use of (5) leads to great
simplification in the analysis (vide art. (20) infra).

In this paper the parallel treatments using both (3) and (5) will be given. It should
be noted that ProupmMaN (11) derives a differential relationship between p, V and 2
for the case of varying capacity which is in accordance with the integral energy equation
of CHARBONNIER.

6. The Form Function.

If a piece of propellant burns in accordance with P1oBERT’s law the surface S, when a
fraction z of the volume has been consumed, can be expressed as S = Sy¢ (), where S, is
the original surface area. ¢ (z) is called by CuHARBONNIER the form function, and
depends only on the shape of the propellant.

The law of burning may now be written

defdt = A (2)p* . . . . . ..o (6)

where A = kS,/V,, V, being the original volume.

It is usual among English writers to consider the fraction (f) of the smallest linear
dimension, (D) of the propellant grains remaining at any instant, and thus to express the
law of burning in the form

U/ ——— *
Ddt~ BPY o v e e e (7)

where $ is now written for £/2.
When f becomes zero the propellant is completely converted into gas, or, as we shall

say, is all *“ burnt.”
D is called the “size > of the propellant, so that for long circular cords D is the

diameter, for tube D is the width of the annulus, etc., ete: _
The fraction 2 burnt at any instant can be expressed in terms of f, and if we write
z = ¢(f) (different from the ¢ of equation (6) ), ¢(f) is also called the form function.
It is easily shown that for all the shapes of propellant in use, viz., cord, tube, strip

flake, ete., ,
S =L —DAF0), « . (8)

where 0 < 6 < 1, the effect of the reduction in length of long sticks being neglected in
comparison with the effect of the reduction in diameter, annulus, etc.

* No confusion need arise between the f of equation (1) and that of equation (7).
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 351

For circular cords 6 = 1, for tube 6 = 0, for flake 0 is a small positive quantity.
Equation (6) can be written

D%=Bp“x/(1+e)2.~4ez: By (2, say, .« . . . . . . (9)

and it is important to notice that, for 6 = 0, ¢ (2) is constant.

In such cases the propellant preserves a constant surface area during the burning,
typical examples being tube and strip (neglecting the end effects). It is usual to express p
in terms of the form function as follows : denoting the chamber capacity, cross sectional
area of the bore, and forward travel of the shot by cap, ¢ and x respectively, we have
V — 9w = cap — nw - ox = o (¢ - I), say, where o] = cap — nw, so that (5) becomes

=) .
P sk (10)

In the case of a closed vessel we have, of course, z = 0.

7. The Ballistic Problem—Mathematical Considerations.

The problem naturally divides into two, the closed vessel problem and the gun
problem.

Equations (7) and (10), with & = 0, are sufficient to determine the form of the pressure-
time rise in a closed vessel, and the problem is soluble by quadratures for any value of «
and any shape of propellant, .e., any value of 6. Full discussions will be found in the
treatises of CHARBONNIER and of GossoT and LiouviLLe.*

In the gun problem we have, in addition, the equation of motion of the shot, making
three in all, two being simultaneous ordinary differential equations, and the problem
can be reduced to the integration of a single ordinary equation of the second order.
The treatment using the CHARBONNIER equations with « = 1 will be found in his treatise.
Using the simpler equation (10) instead of (8), and taking « = 1, the integration presents
no difficulties, as we have only to deal with a simple linear differential equation.

The case « 1 leads to a non-linear equation, the solution of which has been
attempted by SARrRAU and GossoT and LiouviLLE, amongst others, a brief account of their
work being given by CHARBONNIER ( (2), Chap. IX), and a fuller account by Gossot and
Liovvitie (3). The treatment is mainly approximate, and no direct integration by
series, or otherwise, is attempted. ' ,

With given ballistic data it is useful to have a simple method of calculating the
primary ballistic quantities, viz., maximum pressure (p,) and muzzle velocity (V), and
many attempts have been made to obtain monomial formule for p,, and V, usually from
the results of extensive firing trials. B

* See é,lso Prraver and Lees (13).
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It is shown in this paper that a monomial expression for p, can be obtained from
purely theoretical considerations for the case of a propellant of constant burning surface
shape, whichever set of ballistic equations be employed (Art. 5).

In the case of the muzzle velocity, the calculation is complicated by the discontinuity
in the analysis which occurs when the propellant is all burnt, and so it seems impossible
to expect a monomial relation to exist.

The case of the maximum pressure is different, as this occurs, at the latest, at the instant
at which the propellant is just completely burnt.

8. Secondary Ballistic Factors.

In actual practice, ballistic calculations have to take into account many disturbing
factors of importance.

Consideration has to be given to the complications arising from driving-band resistance,
frictional resistance down the bore, cooling effect of the walls of the gun, and so forth.

Various methods have been adopted to make allowance for band and frictional
resistance, amongst others the modification of a certain parameter, and the assumption
of a shot-start pressure (¢f. CHARBONNIER (2) ).

The correction for cooling is generally small in large calibre guns, and is not so
important as for the closed vessel.

In this paper we shall consider only the ideal case of no band and no friction, and the
treatment will be confined mainly to a mathematical discussion of the equations of

Art. (9).

@

Tur FunpameNnTAL Bariistic EQUATIONS.
9. The Two Sets of Equations.

Equations (7) and (10), together with the equation of motion of the shot, give the set

p=ad(f)fx, . . . o (11)
df_._ . o
Dﬁ'— @p, .............. (12)
drr ¢
(J.d—t-z———p, e e s a4 4 s e s e e e s o o s (13)

where 2, p are constants depending on the gun dimensions and conditions of loading, «
is written for # 4 I oceurring in (10), and the other quantities have been already defined.

The effects of the possible motion of the propellant charge, of the rotation of the shot,
and of the recoil of the gun can be allowed for, approximately, by an addition to the
mass of the shot, and are supposed to be taken up in the constant ..
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 353

The second set of equations are those which are in general use by Continental ballisti-
cians, and are as follows, the notation used being that of CHARBONNIER* ( (2), p. 145) :

ple—a)+iy—Dpt=foz, . ... .. ... ... (14)
dz
—_—= e e e e e e e e e 5
== Ad () p" (15)
2
" %t-z”f P e e e e (16)

Here ¢ is the volume behind the shot, ¢ the cross-section of the bore, &’ = 7w, and p
is the  effective *” mass of the shot, differing from the p. of (18). No confusion need arise,
as the two systems will be treated independently.

10. The Motion after the Propellant vs all Burnt.

When the propellant is completely converted into gas it is assumed that expansion
takes place according to the adiabatic law, pressure X (volume)" = constant. The value
of n cannot be assigned theoretically, and is best determined by making calculated
and measured muzzle velocities to agree. The value # = 1-2 is usually taken to apply
to British propellants, but some writers—e.g., MaTa (footnote, p. 5) and LoNGRIDGE (6)—
treat expansion after burnt as isothermal.

The appropriate equations are thus, according to the first scheme,

p.g;g- = pvzll—;’; = p and p.a" = constant,
v being the shot velocity.
If, therefore, @, v, are values at burnt, .e., for f =0, and z, v those at the muzzle,

¥ —02 = (n~2——)\1)u [1 — (%)n_l]. ......... - (A7)

The muzzle pressure can also easily be calculated.
With isothermal expansion we have )
22 x :
22 =""log=, « . . . . ..., 18
v Uy " 0og , ) ( )

Similar formuls arise, of course, using the CHARBONNIER equations. Thus provided,
the equations of Art. 9 can be integrated, the scheme for ballistic calculation is complete.

* o, w are written here for CHARBONNIER’S 1a?/4 and (1/10 respectively.
VOL. CCXXVIL—A. 3B
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354 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

11. Reduction of the Equations of Scheme 1.

We now proceed to reduce the equations of each scheme in turn to a single differential
equation, and shall refer to them as Scheme I (11 to 13), Scheme II (14 to 16).
Take a new variable I' defined by
di 1
TE TS T s e e e e e e e (19
T )

Eliminating p between (11) and (12) gives dF/d¢ = pr*/Da", and eliminating p between
(11) and (13)

2
xf—lg — 3 ), (20)
where
_ v (F) = 4(f)
Thus
o_prde g d
dt  Da*dF (1 —o)DdF" 7
so that
@ — 827\2'1 _]:_ _@_( 1-—«)
ag (1 —a) D2 2 dF?
Writing
y — xl—a T
])2 (1 . OC) L S S T (21)
ST {
equation (20) becomes '
: 2
y % — RO, ... (22)

the single equation required.

Theoretically, (22) gives the shot travel in terms of f, and so p in terms of f by (11):
thus the maximum pressure can be found. '

The shot velocity is determined in terms of f by

. Code . pat dy

, d  (1—«)DdF’
so that the velocity at burnt can be found. :
The travel to burnt comes from (22), and then the muzzle velocity is caleulated from
(17) ; therefore the solution of the ballistic problem is determined by the solution of (22).
The variables are p, v, , f, #, and a variety of equations involving only two variables
could be obtained : equation (22) appears to be the simplest.

12. Reduction of the Equations of Scheme I1.

The presence of ¢2 in (14) complicates the analysis considerably, and to simplify matters

somewhat only the case ¢ (z) =1 will be considered, although the reduction can be
carried out in general.
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We take a new variable £ = ¢ — w’, so that df = dc = o dx, and then (15) and (16)
can be replaced by

E P e e (23)
d(v?) .

1 —

2 Pooo o e e e e (24)

Differentiating (14) and using (23) and (24)

%(pEH—(Y—l)p*fEAf—

1.e.,

v — Jf’%“; gt / szE R (25)
Eliminating » between (24) and (25) gives
_ pf*w?A® d ___%;f“_iﬁf_g 26)
=S {a‘z(ﬁay)} s e e e e (
which can be written | B : B
e (I P iy .
P= Do dE [gz{(]oi’)l “‘] S )
Now change the variables &, p to =, ¢ where
7 = grd—a
o e e e e e 28
q = (pﬁv)l‘“} =
Then (27) becomes, after reduction,
QTL ufzwzl:;(]‘ — oc) 72(?) lg—;——é .......... (29)

It is helpful to get rid of the troublesome powers of n and ¢ which occur in (29), and
this can be done by the further substitutions ¢ = Q¢, n = E’, and appropriate choice
of ¢ and b.

Carrying out the transformation and takmg for a, b the values

_1—u b — 2y (1 — «)

A 3 — 2 - m’
(29) finally reduces to :
B y—1 . dE\2 2 —u« @_{Y(3—20€)——1}62 -
QEdQ2 Y(3_2°‘)—1Q<m> +3——-2¢xEdQ ——2(3—2“)2(1-f2‘w2A2. (30)
3 B2
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In terms of the original variables p, ¢, we have

Q=1 <°‘wx———l)y}3-2a} (31)
I

Thus, theoretically, (30) determines the pressure in terms of the shot travel.

INTEGRATION OF THE FUNDAMENTAL HQUATIONS.

This part of the paper will be divided into two sections, the first dealing with the
case of propellants preserving a constant surface area during the burning, for which
particular results of importance can be obtained (vide Art. 7), and the second with
propellants of more general shape admitting a form function of the type

(N =a—Ha--op.

SectioN I.
13. The Fundamentol Equation of Scheme I.

For the propellants in question we have ¢ f) =1 — f, so that, from (19), assuming
« < 1, we have

F= iél_(_f___)_}_:_'_“ T being positive.
Thus* :
_1_
_ Y = $(f) = F(1— ),
and putting
X=F(1—qa
S e e e e e e e e (32)
Y = (1 —a) g/
(22) becomes
Yf% X (33)

This equation is purely “ numerical,” ¢.e., it determines Y as a function of X, whose
form depends only on «, and is independent of all constants relating to the gun and
charge.

Initially, since we are dealing with the ideal case (vide Art. 8), ¢ (f) =0, so that
F=0: also, by (21), y=1{"" initially (Art. 9). Thus, for t=0, X=0, and
Y=Q0—o)l'" k= Yo, say.

Further the shot velocity is zero initially, s.e., dz/dt = 0 for ¢t = 0, Whence dY/dt =0
for ¢ = 0, since Y = (1 — «) &'~*/k* and = is finite initially.

* Throughout we shall assume in cases like this that the real positive root is taken,
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But
A _ IR DD 1)( g
_ 7 aXavad —axt T ¢a( Df")’
i.e.,
d___Y__ B ——oc)l“dY
T De IX ot | (34)
and so dY/dX = 0 for t =0, s.e., for X = 0.
The initial conditions appropriate to (33) are therefore
_ _ ay _
X—O, Y_—Yo, dX_O' e e e e e e e e (35)

14. The Serves Solution of Equation (33).

Since « is taken < 1 we have, by (33) and (35), d*Y /dX? = 0, for X = 0, s0 we assume a
solution of the form
Y=Y0+a1Xm1+a2Xm,+ sce 9 e e & & & & e e (36)
with 2 < m; < m, < ... to satisfy the initial conditions.
The lowest power of X occurring in the product Yd?Y /dX2 is X™~? and this must equal

Xlé—a, otherwise it must vanish, so that m, (m, — 1) = 0, which is impossible. Thus

m; = (3 — 2a)/(1 — «) and the next lowest powers in the product are X*"~% and X™2,
The coefficients of these must vanish separately, or else their exponents must be equal.

For the coefficient of X®™~2% to vanish we must have a; = 0, which is not possible.
Hence we take my — 2 = 2m, — 2, i.e., my = 2m,, and, for similar reasons,

mg — 2 = My + My — 2, or mg = 3m,,

and so on. The series (36) is therefore

2(3—2a) 3(3—2a)

Y = Y0+a1X1—a—|—a2X1 e Faa X e L L L. (37)
Determining the coefficients, we have _ o
a (l—ap 1 (I —a)t 1 obo.
1= (2—&)3——2«)Y0 C (2—a)(3—20) (5 —3x) (6 —4da) Y2 "

and it is easily seen that a; is'a multiple of 1/Y?, a, of 1/Y,7, and so on.
Thus (87) can be written

3—2a 3—24\ 2 3—24\ 3
XT Xl—a 1-a
_g=1+Al<T02—>+A2( >+A3< > + . - (38)
0

where A;, A, ..., are numerical coefficients depending on « alone.

®
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358 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON
We now put
3—~20
X«
BEE G e e e e e e e e e (39)
+0
and write :
Y=Yf(), ... ... ... ... (40)

so that £ (2) is a function of 2, whose form is independent of all gun and charge constants.
If 1/(1 —«) is an integer, .., if « =0, %, Z..., the solution can be written down as
a Maclaurin expansion, which, of course, agrees with (38).

15. The Monomial Relation for Maximum Pressure.

The pressure is given by (11), and, in terms of X and Y,

1 — o\ /X\ L
p= 7\(\ = >1—a<?>1—a. ........... (41)
The value of X at maximum pressure is given by
dy _
Y -X== x=0

since Y is never zero.
Using (39) and (40) this equation becomes

f =225, (42)

which is purely numerical, and its solution, #, say, depends only on «. Thus, for a given
propellant with a definite «, z, can be determined once and for all.
Substituting for £, X, Y from (21), (39) and (40) in 41) we have, denoting the maximum

pressure by P,

1 — ) 2T
_ 1 Bhemm, L (43)
()T o)

This is the monomial expression referred to, and is a most important formula: we
shall write it as :

P

_ Rup\t
pm == G (OC) (W)s 2 P T (44:)
so that G («) is a function which can be tabulated in terms of «. We notice, from (10)
and (11), that A is proportional to w/s ; also p, equation (13), is proportional to w, /s,
where w, is the “ effective ” shot weight. Thus, from (43), for a propellant of given

burning characteristics, p,, varies as (@?w, [c?D?E)5=%, where . = ol is the initial air space
in the gun chamber, 7.., the chamber capacity less the volume occupied by the propellant
charge.
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16. Some Remarks on the above Result.

() When « =1 we obtain a result in conformity with (44), for then, from equations
(11) to (13), we find

so that p is a maximum when log w/l =1,%e,v=1le(e=2718...).
Thus

which agrees with (44) provided G (1) = 1/e,
(b) Keeping everything constant except the charge weight, the maximum pressure.

varies approximately as (m)3 %, since the variations in w, /B with the charge weight are
usually small.in large calibre guns. Thus, for « = 1, the pressure should vary as the
square of the charge, and this is approximately the case for M.D. tubular cordite. For
American nitro-cellulose propellants, which are manufactured in shapes approximately
of constant burning surface, firings have shown ‘that p, varies as about »'*, which
corresponds to an « of about 0-8. This figure is not very reliable, because it is probably
derived from firings in small calibre guns, and it is mainly of interest as indicating a
value of « definitely different from unity.

17. Colculation of the Shot Travel to Burnt and the Muzzle Velocity.

From (32) X = {¢ (f)}'™", so that at burnt X = 1, and therefore z = 1/Y,2 from (39) ;
thus the travel to burnt can be calculated from the equation Y = Y,[ (2), since
Y = (1 — ) 2" */k*. The shot velocity is given by

de _ dY [dY pakt  dY

"C& T @ de T D (1——«)833’

using (34), and, in terms of z, from (39) and (40),

3—2 N o
V= (1 —0:;'2 BD Y3 2u~d Zul;’ (z)

Substituting for % from (21), we have

v~ﬁ%§§;ﬁ @) YEEAECG, ... (45)
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and the velocity at burnt is found by putting z =1/Y,? in the above, and then the
muzzle velocity from (17).

18. Boallistic Calculations.

The calculation of ballistics for a constant burning surface propellant with a given
pressure index o thus requires the tabulation of the functions [ (z), [’ (2) for 2 =0
upwards, the solution z, of (42), and the determination of the three parameters
2up?/D2, A/p and 1/Y? = D2?/(1 — o) P20 up2.

The evaluation of [ (z) and [’ (2) is best effected by a process of numerical integration,
and will be discussed later, although the series solution suffices for the calculation with
small values of z.

The tables must be comprehensive enough to include values corresponding to
z=1/Y,?, and a rough estimate can be made of this quantity for guns and charges
normally employed (vide Art. 29).

There are two important points to be noticed about the analysis given above. Firstly,
it may happen that the value (1/Y2) of z at burnt is less than z,, in which case p,, as
given by (43), is the theoretical maximum pressure only, the true maximum being the
pressure at burnt, since, after burnt, the pressure must necessarily diminish because of
expansion of the gases.

Secondly, the charge may not be completely burnt inside the gun, and then the value of
z at the muzzle is determined from Y =Y, [(2), and the muzzle velocity by (45).

19. The Effect of the Pressure Index on the Position of Burnt.

In most cases, other things being equal, the travel of the shot up to the instant the
propellant is all burnt increases as the charge weight decreases, but, for « = £, an
interesting difference is to be noticed. For then 1/Y,? = 2D?/up?, .e., z at burnt is
nearly independent of the charge weight, and therefore so is the shot travel to burnt,
except in so far as the value of [ is affected.

It follows that, for low densities of loading, charges of varying weights but of the same
size should be burnt for roughly the same shot travel in the gun, provided « = 4. This
is -important for howitzers, which usually fire a graded series of charges, since it is
necessary for good shooting to have the charge well burnt in the gun.

To illustrate numerically, we have for charges w and 2w, and « = 1/2,

2A

N A —
Y/ ol \Yot/ow (D A
1-58
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where A is the density of loading for the charge w and 158 is the dens1ty of the prope]lant
(the usual value). With « = 3/4 we have

|  2A T
(&) (), =2k __ﬂ‘“ﬁsJ
(%)) 50 =B = | ——%
L~ 1.5
Taking A = 0-1, these ratios are respectively 0-923 and 1-365.

20. The Monomial Relation for Maximum Pressure Deduced from the Equations of
Scheme 11.

We now discuss the series solution of equation (30).

Assuming zero shot-start pressure, it is seen from equations (31) that, initially, Q = 0
and E = E,, say, B, being > 0.

If we write E — Ey = a,Q™ + ¢,Q™ -+ . .. where 0 < m; <my <...,itis seen on
substitution in the differential equation that m, =1, and the constant a, is determined,
so that the initial value of dE/dQ is assigned.

2—a -
Equation (25) also shows that for v to vanish initially, Q3% dE/dQ must be zero for
Q = 0, which is certainly true if « < 1.
We now put (30) in the “ numerical ” form

a0y

di’ JAE
Qe Y&

aQ aQ

where £, &, are positive constants (since y > 1, & < 1), depending on y and « onIy, and

o T — hQ (T + b

_{(3‘2“)“1}1/2"E'~:E<; L (T

, (3 — 2a)V2p foA o 8y *7)
and assume a solution ' _ :

B =58 +AQ FAQ+... . .. .. Lo (48)

It is easily seen, on substituting in (46) and determmmg Ay, A,, that A, Az, A, ...
are multiples of 1/Ey’, 1/Ey’3, 1/E,", . . . respectively, so that we have

%ﬂ"“ 1 +a1<E?'z>+“2( . >ﬂ+“3<']?‘973')3+' A “)

40

where @y, a,, a3, ... are coefficients depending on vy and «. Thus, as in Art. (14), we
can write
E = Eyx (9)
where Q N ()
g - ~E0,2
VOL., CCXXVII—A, 3¢
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% (£) being a function independent of all gun and charge constants. From (31),

e - .
P = Q52/(xE')y®-2-1, g0 that, at maximum pressure,

1 1 2y 1 dE'

590 YB_2)—1FWag "
which, using (50), leads to
Q=B =20 iy (51)

Ty (83 —20) —1

a numerical equation of which the solution, %, say, is invariant as regards gun and
charge conditions.

y(3=2a)-1 . . .
From (31) we have E, = (¢’ —®’)" % , where ¢’ is the chamber capacity of the
gun, so that ¢’ — w’ is the initial air-space, and therefore, substituting for « from (47),

we find

2 1 1
_J (8—2¢)4/2 }m G2 { wf?w?A? }’3?% 52
pm {'\/Y (3 — 2“) — 1 3 {X (Cm)}’m_g%_a)_:i‘ . 52 (O/ . w/) « s e ( )

This formula, as regards the part involving gun and charge constants, is precisely the
same as$ (44), since A is proportional to 1/D, so that both schemes of equations lead to
the same result in this particular ; but the multiplying constant in the present case
depends on vy as well as on «. This is the fundamental difference between the two
systems of ballistics : according to the first, allowance is made for the expansion of the
gases while the propellant is still burning by a modification of the constants in the
expression of the NoBLE-ABEL law : CHARBONNIER, on the other hand, attempts to
construct an equation on thermodynamical principles which must necessarily involve
the expansion index. It is of interest that the two systems lead to similar results, at
any rate as regards the ballistic behaviour of propellants of constant burning surface
shape. The result for « = 1 can be deduced from (52) as a limiting case, for the analysis
of Art. 12 is valid so long as « < 1, however small 1 — « may be, and so equation (46)
with « = 1 is the appropriate limiting form.

In terms of ¢ and y it is ’

LT I
deCz pra —}—de = 1.

This equation is of the homogeneous type, and can be integrated completely (equation
(46) 1s, of course, also homogeneous, but the reduced equation cannot be integrated in
finite terms), and we find the primitive

/ —K
1 (0 =t (v + )

4r2c?

where ¢, « are arbitrary constants.
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The only solution satisfying the initial conditions C =0, y(¢)=1 is clearly
% (§) =1 4 ¢, and then (51) gives ¢, = % (Cn) = so that, from (52),

—I—l

i e
" vy +1 o (¢ — ')’

agreeing with CHARBONNIER’S result (vide (2), p. 240).

The parameter pf?w?A2/c? (¢ — ') corresponds to »2up?/D? of the first scheme of
equations, their ratio being the ratio of the squares of the constants ““f’’ defining the
“force ” of the propellant (Art. 4). ‘
~ Comparing the above expression with that of Art. 16 () we have, denoting the
constants “ f”’ of Schemes I and II by f;, f,, respectively,

—l—l

12/f2“""' y_-i_-_l,
e

so that for y =125, f,/f, =1-08935. This illustrates the argument concerning
“ expanded * pressures (Art. 5).

Seotion I1.

The analysis for propellants of other than constant burning surface shape is complicated,
and, using the equations of Scheme II, it is almost impossible to deal *with at all
elegantly, so it is proposed to discuss here only the results arising from the equations of
Scheme 1.

21. The Determination of the Function ¢ (F) in Special Cases.

Equation (19) can be re-written

c_l_F_ 1
@6~ # V{1t op — 404’

remembering that d¢/df is negative.
Since F' = 0 for ¢ = 0, we have

¥ zviens
V(1 — 464’
and, writing
_ (A0 .
96 - 4;6 Sln2 Lo
this becomes . .
2 [Q-+ 9)“} o __x
F = e{ - josmz“'lx e (53)

3c¢c2
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We proceed to consider one or two special cases.
(@) « =1. We have F = 6% so that

Mmz¢gp:a$m%wmm ........ (54)
Equation (22) becomes o
vEY _ e x 55
Yo =smm X, (55)
where '
X = Fof |
v 6084/3s _ 08+/8% s (56)

TDa el T DaLe

The initial conditions are easily shown to be

_ __Oﬁv%pl__ ay _
X=0 Y= DE T 0) Y,, dX""O' ......

(b) « = £. Here the integral in (53) is I "‘j dy/V/'sin y, which can be expressed in

terms of J acobian elliptic functions, as

sin y = cn? <——I——\ mod. >
so that v < ; \&
¢my:¢£@%m@ﬁa+wﬂ @mdéa
Writing o
’ X=g$a+m4
v 200 . S (58)
Da+or’ ™ Darop
we get the numerical form .
Yg}z; cnt X <mod v; 2) ........... (59)

the initial conditions being as in (57) with the appropriate Y,.
The case « = } can be similarly treated.

22. The Case of Quasi-constant Burning Surface Shapes.

There is an important class of shapes for which 6, in the form function, is small S0
that the burning surface remains very nearly constant, and so

_ b d¢ 1 ¢1-—a 1. (/)2—-4 1-3 ¢3—u
04*y/(1 -+ 0)2 — 404 1+6{ P + 3—a+"+

where ¢ = 40/(1 4 0)? and is small.
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~ For values of 6 equal to 0-1 or less it is possible to neglect terms involving powers of <
beyond the first, so that, approximately, -

1

_ g

(Taking ¢ = 0-3, « = %, and the maximum value of ¢, viz., unity, the terms in the
bracket for I above are 2, 0-1, 0-0135, etc., so that the approximation is justifiable.)
We easily get the following expression for ¢, retaining the first power of ¢ only :

¢=X1“i‘1[1‘—-2_1_a (1+0)X1_]~ ..... ... (60)

where X = (1 —a) (1 + 6) T and ¢ has been replaced by its value in terms of 6.
The fundamental equation (22) is now

BY o 20 L
v2Y —x= [ = X ] ...... (61)

where

X =(1—a)1+ 0)F =gt~ )r

(1401 —afriuig
Y = D yj

the initial conditions being of the same type as above.

25, Methods of Solution (« = %, $).
Equations of the type

4y _
X’

d*Y

Y Zl_XE- 0,

—f(X), WithX =0, Y=Y,

yield the solution in series

OB I (o> L0 _fOX
V=Yoo rlgd - g (R S e

provided that the successive differential coefficients of f(X) exist and are finite for
X = 0. Further, only odd inverse powers of Y, occur, so that the solution can be written
as ' '

Y=Y0+L(X)%+M(X)€ZE+N(X)?%+'..., .. (83

where L (X), M (X), N (X)), etc., are functions of X which, if obtained as a.bo_ve; would be
given as infinite power series.
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Assuming, however, a solution as in (63), and substituting in the differential equation,
we have

(ot gt ) (AP ) =I®, (64)

suffixes denoting differentiation.

To solve the equation, (64) must be satisfied identically together with the initial
conditions X = 0, L = I, = 0, ete., etc.

"There is thus obtained a series of linear differential equations as below :

L, = f(X) l
M, -+ LL, = 0 e (65)

N, + LM, + LM =0, etc.,J

which can be solved in succession by straightforward integration. Equations (55) and
(59) can obviously be dealt with by this method, although the auxiliary functions become
very complicated.

Thus, for f(X) = sin? X, we find

L:—-_i(X2—sin2X)

3X2 X¢

M= 512+~—~— —|—5co 2X — — cos4X+ s1n2X—Xcos2X

96 = 64 12 32

Theoretically, the complete solution could be so constructed, but the process of numerical
integration is more practicable.

From (54) and (56), sin? X = 40¢/(1 + 0)2, so that at burnt, sin? X = 46/(1 + 0)?,
which for the cord form (6 = 1) gives X = /2.

The corresponding values of L and M for X = = /2 are 0-36685 and 0-02579, so that
the successive functions may be expected to diminish rapidly in importance. The
solution given by (63) may be expressed symbolically as

Y=Y f(X) ... (66)

where [ (X) is a function which depends also on Y, this marking the difference from the
case congidered in Art. 14, and we cannot therefore obtain a monomial relation for
maximum pressure corresponding to (43).

24. The Pressure Curve.
We have from (11)
A A
fora:%, p= ¢w(f) — ¢y£f)
_ 22uB20 sin2X N
- ])2 —Y?—. ............

and so by (54) and (56),
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 367

The equation to give X at maximum pressure is, therefore,

ay _,

Y—tanXdX-— s

and by (66) the solution, X, say, is a function of Y,, and 80 is sin? X.,./Y,2 Hence,
from (67), p,.D?/2 326 may be considered as a function of :

Su062p2]

R D

(equation. (56)).

It follows that for a propellant of given burning characteristics (« = %, 8 known),
P26 [mw, 6 may be plotted against w,62/62D2 (1 + 0)2 (since Aoc w/o, poc w; /o, E=¢l),
the resulting curve being called a pressure curve, and such a curve can be constructed if a
sufficient number of firing results are available.

The maximum pressure corresponding to any other set of conditions for the same
propellant (s.e., similar as regards chemical and physical properties) can then be found
from the curve by interpolation, or by extrapolation if necessary.

To complete the scheme for ballistic calculation we have the velocity formula

v — ) (1 4+ 6) dY
and, at burnt, sin X = 26%/(1 + 0).
Similar results can be obtained for « = £ using (59).

25. The Method of Solution for the Case of Art. 22.

On attempting to solve (61) by a series of the type (36) it is easily found that
my =y + 2, my =2y + 2, my =2y + 4, etec., etc., where y =1/(1 — «), so that we
assume as a solution ‘

Y=Y, + @, X" 4 ¢, X2 |- gy X |, X3 - 0 0L L. (69)

the powers of X increasing by v and 2 alternately. Determining the coefficients, it is
found that a,, as, a5 ... are multiples of 1/Y,, 1/Y3, 1/Y ..., and a,, a4, @4 ... of «/Y,,
kYo%, /Y% ... (e =260/(2 — a) (1 - 6)2), the multipliers involving v only.
There are, however, a number of terms in the product Yd*Y/dX? which are uncom-
pensated, but they involve the square of the small quantity «, and so may be neglected.
An approximate solution of (61) is, therefore, of the form

Y /X2 X2\ ‘Xy+23_ *
Yz—{1+“1(v—oz>+“2<y—oz)+“s<y—oz> =
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where oy, «,’, etc., involve vy, s.e., « alone, the coefficients a;, «, ... being, of course,
the same as A, A, ... in (38), and so we can write

where [ (z) is the function of Art. 14, and M (2) is a new function. From (11) and (60) we
get p=AX"(1 — «X")/y", .., p varies as X’ (1 — «X)/Y?, so that, at maximum
pressure, v
Y —2eX) =X —XnX—o (72)
dX
The solution for the case 6 = 0, 7.e., k = 0, is 2, defined by (42), and, for small values
of x, the z solution of (72), z,, say, will not differ much from z,. Writing 2,," = 2, (1 + ¢),
where ¢ is small, a first approximation to the true value of the maximum pressure can be
determined. The following result is obtained, second order powers and products of ¢
and « being neglected :—

~ pm:{(l{ﬁ_(::)zfﬂ 5 +'Jg);lmsg}3}%[ B ey G

where X,, = (szoz)?,l:_z%, and Y, is given by (62) with y =17'"". With 6 =0 we get,

of course, the result given in (43).
The formula for the velocity is

1 A\ dY
’U —_— m <‘L—L> -di ........... (74)

The value of X at burnt can be found from (60) by putting ¢ =1, and we find,
approximately, X =1 - (1 — «) «.

When the functions [ (2), M (2) are tabulated ballistic calculations are possible, using
(73) and (74). '

A note may be inserted here relative to the method of allowing for the effect of band
and frictional resistance by assuming a shot-start pressure (¢f. CHARBONNIER, (2)).
This amounts to saying that a small portion of the charge ¢ (f,) = #o, say, is burnt before
the shot begins to move, so that the true initial value of X is not zero, but is given by
do = X" (1 — «X,7) (equation (60) ).

Approximately, since g, is very small, we have Xy = (1 — V1 — dxd,)/2x = ¢,
or X, = ¢t~ TFor values of « < 1, ¢o'~*is small, but as « approaches unity the
value of $,'~* rapidly becomes appreciable.

For example, taking ¢, = g, the values of $,'~* for « =4, %, §, 1 are, respectively,
0-0532, 0-1415, 0-3764, 1. These figures show that allowance for a shot start has
comparatively little effect on ballistic calculations for small values of «, and this has been
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. - 369

confirmed in many instances.* It is clear, however, that band and frictional resistance
must considerably affect ballistics, whatever be the nature of the propellant, so that the
shot start method of correction is open to serious objection.

26. The General Case « = p/q, p, q Positive Integers, and p < ¢.

The special cases dealt with above have illustrated the mathematical difficulties of the
ballistic problem for shapes admitting the general form function, and we conclude this
part of the paper with the discussion of a case sufficiently general for most purposes.
(To avoid confusion, P will now denote the pressure.)

Since ¢ (¥) cannot be determined explicitly, the equation (22) is transformed by taking
a new variable &, given by ¢ (f) = &, so that ¢ (F) = £7and dF/df = — 1/¢* = — £~

The new equation is '

{1 + 0 — 4029 ygg + {(1 + e)ﬂ(gg—q-;-l)

— 20 (Qp —q+ 2) gq—l} yg% — ]cngsq—zp_z’

and the further transformations

S

39—2p Tae a o o o o o o o 75
yo_ @y { ™
(140D

lead to the numerical form

a —Xq)Yg-% + {k‘_}_%il _ ( — 4 1>X9”1} Y %: Xo2-2, | (76)

The initial conditions are, as formerly, X =0, Y =Y,, dY/dX =0, so that we
assume as a formal solution Y =Y, -+ 3 a, X"
R 2

Substituting in (76) the following identical relation is obtained

2

§ n(n—q-+ p) e, X"t — S n(n +p—L)gXrr1 || Y, + ¥ 0, X | = X1, (17
2 P P 2 2 :

It is clear that ay = a3 = ... =ay_s-, =0, and putting m = 3¢ — 2p, (m > q),
(77) becomes : '
[(AX™ Ay X7 ) |
— (X A XY X o X ] = X0
where A,, A’,, etc., are numerical multiples of @,, etc. From this identity it follows

* See also Gossor and LrouviLie (3), vol. 2, p. 46.
vV OL, CCXXVIL—A, 3D
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-

that A, = A, ,o=...=A,,,.1 =0, and similarly for the accented coefficients, so
that the next non-vanishing coefficient is @,.,: thus the above relation
may be further modified as below :

[(A X"t A, Xt )
. (A/me+q—1 __[_ Arm+qu+24—1 + . .):I [YO _l_ yy m + am+q’Xm+q + . ] —_ Xm—l.
From this, since 2m — 1 > m + ¢ — 1, it is clear that
Upge1 = Opygez = « o o = Qopy = 0,
and also, equating to zero the coefficient of X**~*, we have
(Agy — A,Zm—q) ay + Autt, = 0,

1.6., (g €Xists because A,, is not zero.

Now any term in the first bracket which is uncompensated by terms obtained on
multiplying up the two series can be written

(Ar - A,r—q) Xr-la

and, since this must vanish, if » > m, ¢, exists if ¢,_, exists (rule 1).

Multiplying up, the general term is

[ao (Ar+s - A,r+s—q) F s (Ar - A/r—q) '11— @, (As - A,s-q)] xHS_l,

and this must vanish, therefore a,,,_, exists if a,, a, exist (rule 2). It is known to
begin with that a,, a,,, exist, hence, applying the above rules, the following non-zero
coefficients are found

O Cpsgs Omr2gs Omasg » « « 5 A2ms a’2m+q, a2m+2q e U3ms Ggmaq + + + > eto., etc.

As an example, taking p = 3, ¢ = 5, so that m = 9, the series solution of (76) is of the

form ,
Y :‘YO —I" “9X9 ‘l* 6614X14 "‘l" a18X.18 '+ (,ZIQX”’ “I_ @23X28 —l_ a24X24 “}" o« e e

As regards the coefficients it can be established that @, @n., @miz ... are all
multiples of 1/Yq; @oms @amag - - - 0L 1/Y 3 @gmy Gamyq - - - of 1/Y P, and so on, so that
the solution of (76) is of the form

Y=Y, + <%> (X At X - 0, X4 L)
[
+ <?%> (“mezm + “2m+qX2m+g —]— oo )

-+ <'Y}E> (“3mX3m -+ “3m+qX3qu +... )9

the «’s being numbers depending on p and q.
The law of the coefficients «,, %usqs dmyeg - - - is simple, and can, in fact, be obtained
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" A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 371

from the identical relation. (77) by leaving out the series 3 a, X" in the second bracket
: 2

on the left-hand side.

We find
1

oL, —= ._.__.'____._.._.___..,
tom(m—q+p)
(m—%nq){m-kp+(n-~—)q} | - |
O n=20,1,2...)
0= G T+ D @ - p g #=0L2...)

Since ‘produc’o terms occur in the equations determining the other sets of coefficients,
simple expressions for them cannot be obtained, but it can be shown that «,, , ,, (# = 0,
1,2 . ...)are all positive, wy, . ,, are all negative, asy, 4 4, all positive, and so alternately,
and that they diminish progressively in value. ~

The method of series suffices to calculate Y in terms of X, provided X is not too close
to unity, but in practice a difficulty arises, since dY/dX becomes infinite for X =1,

as is shown by the fact that the series obtained by differentiating S oy ng Xt ™M diverges
n =10

for X = 1.

Since X =1 at burnt for 6 =1 (equation (75) ), and dY/dX occurs in the expression
for the shot velocity, this method is not suitable for ballistic calculations with propellants
in the shape of circular cords. Using (75), the pressure and shot velocity in terms of X

and Y are
P = A <46> Zq 7) Xq

= Qx50

so that, for 6 = 1, the value of v at burnt is of the indeterminate form 0 X . For
calculation purposes it would be necessary to construct tables of double entry giving
Y and dY/dX in terms of Y, and X, and for values of X ranging from 0 to 1, one set of
tables for each value of «. The range of the parameter Y, is difficult to assign beforehand,
but it must be sufficient to include all possible ballistic combinations of gun and charge.

X and Y at maximum pressure, X,, Y., say, are calculated from the equation

(¢f. (79))

(79)

X dY
Y:Fﬁd_f{’ ........ R (80)

so that X,,, Y, apait from p and ¢, are functions of Y,.

The value of Y, is found from (75), putting y = a'*-*=1" : initially, and
substituting for % from (21), and we thus find from (79), omitting numerical constants
and replacing A, u, ! in terms of @, o, E, w, that

63—211 w2u—-1E2(1—a) :wl
0 F o= - Do
This is the pressure-curve relation, and, with « = 1/2, we get the result of Art. 24.
3p2

2
P, (D o >2(1-u> is a function of
Qw‘w,
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Tur CONSTRUCTION OF THE BALLISTIC TABLES.

27. The Methods Employed.

The construction of series solutions of the ballistic equations has been explained in
the preceding section, and these can be employed for calculation with small values of the
independent variable.

To extend the calculations to make the tables sufficiently comprehenswe for general
ballistic purposes, it is necessary to employ numerical methods of integration, of which
several are available : the one used in computing the tables is that due to Runae.*

It is necessary to start from a set of values of X, Y, dY/dX, and to calculate Y and
dY [dX corresponding to values of X increasing by steps () of equal value. The closeness
of the approximation depends, of course, on the magnitude of 4, and it is necessary to
examine the work carefully at various stages, to determine the degree of accuracy of
the results obtained. A check for small values of X is afforded by a comparison with the
results given by direct calculation from the series solutions.

28. The Case of the Constant Burning Surface Shape.

The appropriate ballistic function [ (z) has been defined in Art. 14 (equation (40)),
and it is found to satisfy the differential equation

@ — ) (3-——20()£d£—l~ (8 — 22 (2 d_ﬁz L= o o (81)

It is convenient to replace z by (2 — «) (8 — 2u) Z/(1 — «)?, and then (81) becomes

d£ — 2a
(% +3=2 7 # Lo I (82)

the series solution being of the form

LZ)y =142+ a2 +aZ3+ ..., . . . . . . ... (83)
go that the initial conditions are
Z =0, [E)=["(Z)y=1. . .. .. ... .. (84)

The equation to determine Z,, the value of Z at maximum pressure, is unaltered,
and is thus the same as (42).

For any value of «, the functions [ (Z), £’ (Z) can be calculated by the RUNGE process,
starting from the values given by (84), or, alternatively, the calculations may be made
using the series solutions for as high a value of Z as possible, and then continued by
the numerical method. '

* An account of the method for first order equations is given by Forsyra, ‘ Differential Equations’
(pp. 51-54), and a fuller treatment is to be found in Rungg, ¢ Graphical Methods’ (Columbia Univ. Press).
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 378

There is a slight difficulty to begin with, beca.use the initial value of d2[ [dZ? is
apparently indeterminate, but we have

& d( i
iz g Tl M,
20 2 —a d? 20 £ Z >0 d ((Z)

' - dZ

[24)  =-2=¢
A28 Jr=0 ~  5—3x"

Changing from # to Z the formulse for pressure and shot velocity are, from (43) and

(45), ,
3 {(2 —a) (3 ——Qa)vz}y_&ﬁ

and from this we find

~

1o 2\ e
1 : D2
L@y ( Z)
_..20(2;;“ e 2a ’ S (-
(1— u)2(3——-9a) (2 — )32 _

N S .
Vi o F = Tep

and, for maximum pressure,

(2"”“)(3'—2“)Z .
s

o= 1 —« l;;§2>3 i G (oc) (7\3;532)3 2~ . . (86)
{L( Zm)}m v .
At burnt,
7 — (1 — a)? __1__
2—a) (83— 20:) Y2 _ ‘
so that : cee e (8)

— (1 - C( < i 1 ~t

The shot travel in terms of Z is given by R o
% Y\ - _ )
Z‘“(Yo) £z }1 e (s

Equations (85) to (87), with the help of tables constmeted on the plan indicated below,
give all the ballistic information required.

Tt may be noticed that, with y = 1, (43) and (52) agree, as, of course, should be the
case, for the equation connecting 2; and y is then (¢f. (46)) ‘

dx

dc'l’

—
txd+

and, putting ¢ = = (1 — )’2/(3 — 2«)* , this becomes'the same as (81) with = [ (2).
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29, The Ballistic Tables.

These are compiled in the form of six columns giving the corresponding values of

(CERTEES Z}———

1 —a

- Ly
LDy
(3£2—50€)m o) (Z)f__;;[/ (Z) :

(1 — a)26-20) 2 — o)3-2«

together with the values of Z,, [ (Z,) and G («).

The range of Z is from zero upwards by steps of 0-1, and the final value of Z to be
considered is, of course, the value at burnt (equation (87)). This cannot be assigned
beforehand, but the following considerations help to fix it approximately, consistent
with cases which are likely to arise in practice.

In (88) z is the shot travel plus /, so that

@ _ travel +1 __ K - bore capacity

3 7 i gince E = ol.

Hence, at burnt,

l chamber capacity — space occupied by charge

z __total capacity to burnt — space occupied by charge

so that

total capacity to burnt
chamber capacity

x
7>

Thus, since burnt may occur at the muzzle in extreme cases, a reasonable outside value
of x/l is the ratio of the total capacity of the gun to chamber capacity, which quantity
varies considerably from gun to gun. To include guns of small chamber capacity and
high densities of loading, a limiting value of x/I of about 10 is necessary, and will probably
cover all cases of practical importance.

Therefore, by (88), the limiting value of [(Z) is to be about (10)'~, which for
o =% is 3:162, for « = 2, 2-155, and so on. ‘

Keeping the steps in Z equal to 0-1, the tables for low values of « are rather lengthy,
but the calculations offer no inherent difficulty. A series of such tables for « = £ and
upwards has been computed, and a typical specimen (« = %) is reproduced below.

It should be noticed that the case « = 0, corresponding to a rate of burning independent
of the pressure, falls into the above scheme, although the appropriate ballistic tables
would be very lengthy.
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-A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 375
TABLE [.—o = 1.
Col.1. |  Col2. | ColL3. |  Col Col. 5. | Col 6.
6Z)* 4 .
z (@ £ o L@y w0
0 1-0 1-0 0:0 1-0 0-0
0-1 1-09796 v 0-96018 064254 1-20552 0-51896
0-2 1-19221 0-92548 0-77070 1-42136 0-84124
0-3 1-28319 0-89485 0-81481 1-64658 1-10248
0-4 1-37128 0-86749 , 0-82386 1-88041 1-32614
0-5 1-45678 0-84284 0-81615 2-12221 1-52318
0-6 1-53993 0-82045 0-80011 237138 1-69998
0-7 1-62093 079997 0-78000 2-62741 1-86070
0-8 1-69996 0-78114 0-75813 2 -88986 2-00828
0-9 1-77721 0-76374 - 0-73573 3-15848 2-14490
10 1-85276 074758 0-71357 3-43272 2-27215
11 1-92676 0-73252 069200 3-71240 2-39135
1-2 1-99930 0-71842 0-67129 399720 2-50348
1-3 207047 0-70510 0-65149 - 4-28685 2-60911
1-4 2-14035 - 0-69266 063265 4-58114 270954
15 220903 0-68092 0-61478 4-87981 2 -80507
1-6 2-27656 066987 0-59783 5-18273 2-89641
1.7 2-34302 0-65934 0-58177 5-48974 2-98350
1-8 2-40845 0-64934 0-56655 5-80063 3-06694
1-9 2-47290 0-63981 055213 6-11524 3-14700
2-0 253643 0-63074 0-53845 6-43348 3-22406
2-1 2-59906 0-62207 0-52548 675512 3-29825
2-2 2-6608b 0-61378 0-51315 7-08012 3-36995
23 2-72183 0-60583 0-50144 7-40836 3-43896
24 2-78202 0-59822 049030 773963 3-50589
2-5 2-84147 0-59090 0-47969 807395 3-57066
26 2-90021 0-58387 0-46957 8-41122 3-63351
2.7 2-95826 0-57711 0-45992 8-75130 3-69455
2-8 3-01664 - 0-57059 0-45071 9-09409 3-76381
29 3-07238 0-56430 044190 9-43952 3-81143
3-0 312851 ' 0-55824 043347 9-78758 3-86760
3-1 3 18404 0-55237 042540 10-13811 392222
Zow = 0-39238 ; [ (Z,) = 1-36467; G (}) = 0-82390.
. ) pugzé
Maximum pressure, p, = (0-82390) < —]j-él—> .
. . /22 M BZ\ ¥
Pressure corresponding to prescribed value of Z p= ( DL ) X Col. 4.
Shot travel . . . . . . .. QZD- = Col. 5.
Shot velocity . . . . . V= (—7-‘ >2 Y,* X Col. 6.
9
where & —2D°
Y2 lp.p2 .
De2
Value of Z at burnt, Z = ——.
: 61p.p2

N.B.—If value of Z at burnt is less than Z,, p, as given above is the theoretical
maximum pressure only, the true maximum being the pressure at burnt,
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376 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

As a preliminary check, values of [ (Z) for the smaller values of Z can be calculated
from the series (83). Determining the coefficients, it is found that @, is negative, a,
positive, and so alternately, whilst the coefficients begin to increase in numerical value
after a,.

It is better to take { = Z/(1 + Z) as the independent variable, so that { < 1: the
coefficients then, although all positive, steadily diminish in value. The RuNeE process
has the great advantage of determining [ (Z) step by step with [ (Z). To get tables
for values of « intermediate between two values for which tables have been compiled,
it is usually sufficient to use linear interpolation.

Values of G («), equation (86), have been calculated for a number of cases, and the
following table compiled by interpolation from the results.

TasLe 1II.

o G (o) ® G (o)
0-00 099322 0-55 0-79646
0-05 0-97968 0-60 076575
0-10 0-96634 0-65 0-73151
0-15 0-95306 0-70 0-69342
0-20 0-93883 0-75 0-65118
0-25 0-92393 0-80 0-60456
0-30 0-90778 0-8b 055316
0-35 0-89005 0-90 0-49672
0-40 0-87038 0-95 0-43504
0-45 0-84844 1-00 0-36788
0-50 0-82390 —_ —

The value of Z,, defined by (42), has been obtained by interpolation, using the tables ;
but it may be calculated as follows :—
Modifying (83) to make a,, @, etc., positive, we have
[Z) =147 — a,Z? + a;Z? — ....

so that (42) gives, for the determination of Z,,

0:1—(3‘“2‘*—1>Z+(2.31“2“—1>a2Z2-—(3.3‘“2“-_—1>a3zs+.;..

1 —a — 1 —«

Reversing this series, and substituting for a,, a5 ... we find

_l—a g1 —a\ |, (1 —a\® 3 —2« | (1 —a)\* a (3 — 2u)
Zm_Z—a+%<2~a> +‘15'<2——oc> "5 — 3u 4 <2~—oc> " (6—3u) (8 — 5)
(1= «\* (3— 20) (72 — 173a }- 12202 — 244?)
*"’1"'(2—a> ' (5 — 32)% (8 — bar) (11 — Tax) cee (89)
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A PRESSURE-INDEX LAW OF BURNING FOR PROPELLANTS. 377

For « = 1/2 upwards, (89) gives results in accordance with those obtained from the
tables, five-place agreement being found with the value « = 1/2.

For o =0, (89) gives Z, = 0:63745, which is probably correct to the fourth place,
since the last term written down in the series has the value 0-0000512.

[ (Z,) is fairly easily calculated for such a value of Z,, (and for lesser values), so that
the results of Table IT can be verified.

30. The Limating Velocity.

From (87) it is seen that the velocity at burnt varies as Zt [’ (Z), since the value of Z
at burnt is directly proportional to 1/Y2.
This latter quantity increases with D, and it is interesting to consider Lt 7zt [ (Z)

which can be taken to apply, in the limit, to the case of a very long gun burmng a very
large size of propellant.

For a given charge weight the velocity acquired must, of course, be finite, so that
th Z} [’ (Z) must be finite, and the possibility of this can be seen from the figures in

Table I.
An upper limit to the value of Z} [’ (Z) can be obtained as follows :—
Equation (82) can be written, putting v = (3 — 2«)/(2 — «),

:z_gz @ _1
Y ), z-ic@ L

where [ is some value of [ in the range of integration.
Hence

~<h—l

R,
N

LS

where [ is again some value of [ in the range.
Clearly 1 < [ < [, so we obtain the inequalities

Z
1+'59
L

L4 VZFI< [ Z)<1+Z ........ . e o (90)
It can also be shown that
Lt B ()= j Ldé)

and so, by using (90), it follows that -
' Lt 74 (Z) < 2.

Z—>w

VOL. CCXXVII.—A., _ 3 E
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378 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

To get closer values is not easy; perhaps the best way is to apply the method of
Art. (23) to (82) by assuming

£ (Z) = £0 +Y£1 "l"Y2£2 + s

where [, [, etc., are functions of Z with the conditions

Z=0, [=/[/=1 [i=[=..=0, [[/=[,=...=0.

It is found that the limits of Z[,’, Zi(,’, etc., when Z — oo, are all finite, and we
obtain

Lt Z[(Z) =

Lt vz<1 R R e R (o1)

The auxiliary functions become complicated, but the method is direct, and we can,
in this way, find the limiting velocity obtainable with & given charge weight in a given
chamber, varying the size of the propellant and the length of the gun.

31. The Case of the General Shape.

For particular values of «, such as « = 4, the equations of Art. 21 can be integrated
by the RUNGE process and tables compiled, checks being made by comparison with the
results obtained by the methods of Art. 23: in other cases the method of Art. 26 is

available only when 6 < 1.
To avoid the difficulty of dY/dX becoming infinite at X = 1, which 1nvahdates the
numerical method near X =1, (76) is transformed by writing

CXT=SIn Y ... (92)

This leads to
&Y B A 4
YT+(2a 1)001:4; Y-(-z-(\[7 7 (sin ¢)* ~ %, coeo o (93)
For X — 0, § — 0, and Y = Y, ; also dY/d¢ = %_?_‘E g{ and from Art. 26 it is known

that dY/dX starts with the term X%~ ~1%,
Hence, clearly, since ¢ > p, dY/d¢ = 0, for ¢ = 0.
Putting Y = Y1 in (93)

7 d¢2 1+ (2e — 1) cot ¢ .7 d¢ =M(sin )=, ... (94)

where M = 4/q*Y 2, the initial conditions being ¢ =0, n =1, dn/dy = 0.
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From (75), (79), and (92) the following expressions are obtained :—

P—-::-)l (14 6)2 sin?{ D
I~ 40 'ﬂf{T

= () {5 ) g
-

<1 + 6>4—4u
‘ 2 D2 (1 —
M z——ém——— . Zz':""‘ga(ﬁtiz‘_)@é

Equation (94) is integrated by the Runas method, and the results are tabulated for a
range of values of M. For ballistic purposes tables* have been compiled with M ranging
from 0+2 to 4-0 by steps of 0-1, and for values of «, 0-5 to 0-9 by 0-1. These give
n, sin? § M=), (sin ¢)***, dy/d¢ in terms of ¢, so -that, by (92), P, » and shot travel are
determined for any value of ¢.

At burnt X7=sin2y = 40/(1 -- 6)2, so that the greatest value of ¢ to be considered is = /2

The value {,, (at maximum pressure) is determined from

dn __
ay
and has therefore to be calculated for each « and each M, the values of sin?{,,/n,, =
being tabulated. ‘

(I —a)yneotd . o000 - (96)

Somt GENERAL CONSIDERATIONS.

32. Lffects of Variations in the Burning Characteristics. Constant Burning Surface
Propellants.

Variations in B correspond to variations in D, so that, ballistically, the slow burmng
of a propellant, due to a low value of B, may be compensated by a diminution in size,
and this is the usual practice.

The effect of variations in « is more difficult to determine, because there are no simple
expressions for Z, and [ (Z). ~

Equation (88) shows that the position of the shot at maximum pressure depends only
on o and l—i.e., for a given gun on « and the charge weight, and with the aid of the
ballistic tables we find the following results :—

« o | 3 | | ¢ 1

2,/ 1-5745 ‘ 1-8623 2-0439 2-1490 2-2308 2-3394 2-7183

* Not reproduced here from considerations of space.
32


http://rsta.royalsocietypublishing.org/

N

a
A
1~
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

YA
'am \
P\

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

380 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS BASED ON

T hese figures show that, for a given charge weight, the position of maximum pressure
moves steadily forward at an increasing rate as « increases. (A knowledge of the position
of maximum pressure is of the first importance in gun design.)

As regards the effect of variations in « on the value of the maximum pressure, the
following considerations are of interest.

To determine the burning characteristics of a propellant from closed vessel observations,
values of pp* (derived from Ddf/dt) are plotted against p, and, if a linear rate of burning

-law is being sought, the best mean straight line is drawn through the plotted points,
some of which will lie above and some below the line. We may represent this process
by making the values of Bp* agree for a definite value p,, say, so that for a varying « we
have a series of curves all passing through the same point.

Putting Bp,* = ¢, (86) gives

' A2\t 2
pm = G— (o() (_]_)%Z)S-—&a (],;co_a>3——2u,

—1 Xu (9.)2
(.p’m)a=1’"' e . DZZ . po .

so that, for« =1,

Thus we can write

2{(1-a

pM/(pm)ar—-l =G («) 6‘5—“175L (po/(pm)a=1)_3—:?;.

Now in determining «, 8 from closed vessel firings, the range of pressures must be
taken as approximately the same as those expected on firing in the gun, so that p, will be
< (Pm)u=1, but usually not very much less. The ratio p,/(pu).—1 can be taken as a

1
constant % (<1), say, so that p,/(Pu)e=1 = kG () (¢/k)*%.. As « increases from

.
zero, G («) decreases, and (e/k)3=2 increases, so that there is a possibility of a maximum
value for 9,,/(Pm).=1 in the range 0 to 1. The following tables illustrate this fact.

b2 =1

o2 pm/(pm)a=1 o pm/(pm)ft:l
0-0 1-0578 0-0 0-8732
0:25 1-0807 0-25 09094
0-50 1-1091 0-50 0-9605
0-75 1-1080 0-75 1-0067
10 1-0000 10 1-0000

The value of % is much more likely to be near § than %, so that in general the
assumption of a linear law of burning leads to an under calculation of maximum pressure.
To determine the effect on the calculated muzzle-velocity of adopting a mean linear
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rate of burning is impossible without reference to a specific gun, but calculations for a
series of guns show that muzzle velocities, corresponding to the linear law, are found
to be considerably lower than those determined using an index law. These facts
illustrate the great importance of determining the burning law as accurately as possible
if correct ballistic predictions are to be made.

As regards propellants of other than constant burning surface shape, little can be done
to determine generally the effect on ballistics of variations in «, because of the complexity
of the formule, but particular calculations show that the above remarks hold good also
in this case.

33. Experimental Determination of Propellant Characteristics.

The propellant characteristics are f the ““ force ” and «, g, the constants in the rate of
burning equation, and it has been the practice in the past to determine these quantities
from the results of closed vessel experiments (¢f. CHARBONNIER, (2), Chap. II). From
the theoretical results obtained in this paper it appears possible that such determinations
could be carried out in the gun itself. For, from equation (86), it is seen that the
maximum pressure depends, for a fixed « and B, on the value of A32u/D2], 7.e., on
A"2p /D2, where A = A’f and 2" depends only on gun and charge constants.

From the examination of varied firing results with the same (constant burning surface)
propellant (s.e., varying charge weight and size), it should, therefore, be possible to
deduce a value of a« by plotting log A"2p/D?] against log P,,, and finding the slope of the
resulting mean straight line. Given «, f and p can, theoretically, be determined from
the results of two firings, but it will be necessary, of course, to check the values so
obtained by a comparison of calculated and measured muzzle velocltle% positions of
maximum pressure, etc. '

- Calculations have shown that the differences in ballistics due to variations in « and p
are sufficiently marked to permit of the determination of these quantities by careful
experiment. g

34. Summary and Conclusions.

The aim of the paper has been to lay down a foundation for the development of a
working system of internal ballistics based on a pressure-index law of burning of
propellants. This problem has been attacked in the past, but the analytical difficulties
have apparently obstructed progress, and most writers have been content to work out the
theory on the simpler assumption of a rate of burning directly proportional to the pressure.
The fundamental ballistic equations divide into two main groups, and, by the use of the
simpler, the general problem can be solved in a satisfactory manner by the tabulation
of certain functions. These ballistic functions arise as the solutions of certain non-linear
ordinary differential equations, and methods of solution are described and certain
properties of the functions deduced.
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382 C. A. CLEMMOW ON A THEORY OF INTERNAL BALLISTICS, ETC,

In particular, compact monomial relations for the maximum pressure arise in the case
of propellants of shapes preserving a constant surface during the burning, and this
happens whichever set of ballistic equations be employed. A comparison of the results
shows that the modification introduced by the conception of an “ expanded ** pressure,
by means of which the expression for the gas pressure in the case of a varying capacity,
as in the gun, takes the same form as in the case of a constant capacity, as in the closed
vessel, is justifiable within limits, and the simplification of the resulting analysis makes
possible the solution of the general ballistic problem.

The construction of the necessary ballistic tables by a process of numerical integration
is described, and methods are given of checking the results by approximate solutions
of the equations.

- Throughout the paper only the ideal case with no band or frictional resistance has been
considered, and the treatment consists mainly of a discussion of the fundamental
equations of the subject and their solution. :

In conclusion I wish to tender my thanks to Mr. A. D. Crow (Director of Ballistic
Research), and Mr. W. E. GrivsHAw for affording me facilities for carrying out the
work and for their interest in it; I desire also to acknowledge the courtesy of the
Director of Artillery, the Director of Naval Ordnance and the Ordnance Commlttee
in approving publication.
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